We obtain the integral formulae for computing the tetrads and metric components in Riemann normal coordinates and Fermi coordinate system of an observer in arbitrary motion. Our approach admits essential enlarging the range of validity of these coordinates. The results obtained are applied to the geodesic deviation in the field of a weak plane gravitational wave and the computation of plane-wave metric in Fermi normal coordinates.
I. INTRODUCTION
The well known Riemann normal coordinates satisfy the conditions g µν | p = η µν and Γ µ νλ | p = 0 at a point p, the origin of the coordinate system. In these cordinates the metric is presented in powers of the canonical parameter of the geodesics out from p. In 1922 Fermi [1] showed that it is possible to generalize the Riemann coordinates in such a way that the Christoffell symbols vanish along given any curve in a Riemannian manifold, leaving the metric there rectangular. For a geodesic curve Misner and Manasse [2] introduced a Fermi normal coordinates, which satisfy Fermi conditions along a given geodesic and calculated the first-order expansion of the connection coefficients and the second-order expansion of the metric in powers of proper distance normal to the geodesic. Their construction is a special case of Fermi coordinates defined by Synge [3] . The last ones form a natural coordinate system for a nonrotating accelerated observer.
In 1973 Misner, Thorn and Wheeler (MTW) [4] defined a Fermi coordinates for an accelerated and rotating observer and calculated the first-order expansion of the metric. Extending MTW work Mitskievich and Nesterov [5] and later Ni and Zimmerman [6] obtained the second-order expansion of the metric and the first-order expansions of the connection coefficients. Li and Ni [7, 8] derived the third-order expansion of the metric and the second-order expansions of the connection coefficients.
The size of neighbourhood V , where Riemann and Fermi normal coordinates do not involve singularaties, is determined by conditions Generally it is assumed A ≤ 10 −18 . This means that the size of V is restricted by u 0 λ. So the application of Riemann (or Fermi) coordinates to the modern experiments may be very restrictive since λ is often supposed being in the order of 300 km. Thus for enlarging the range of validity by a factor 1/ √ A (which is about 10 9 in our example) it is necesary to take into account derivatives of any order of the Riemann tensor. Some years ago Marzlin [9] has considered Fermi coordinates for weak gravitational field g µν = η µν + h µν , |h µν | 1 and dervived the metric as a Taylor expansion valid to all orders in the geodesic distance from the world line of Fermi observer.
Here we develop a new approach to Riemann and Fermi coordinates, which admits enlarging the range of validity of these coordinates up to u |
The point is to use the integral formulae. Recently this approach has been used to calculate a geometric phase shift for a light beam propagating in the field of a weak gravitational wave [10, 11] .
The paper is organized as follows. In Section 2 we obtain the integral formulae for computing the tetrad and metric components in Riemann normal and Fermi coordinates. In Section 3 we compute the plane-wave metric in Fermi normal coordinates and analyse the geodesic deviation equation for this case.
In this paper we use the space-time signature (+, −, −, −); Greek indices run from 0 to 3, Latin a, b, c from 1 to 2 and i, j, k from 1 to 3.
II. GENERAL RESULTS

A. Riemann normal coordinates
For arbitrary point p 0 in some neighbourhood V (p 0 ) there is the unique geodesic γ(u) connecting p 0 and p which, using exponential mapping, we may write as p = exp γ(u) (uξ), where ξ = ∂/∂u = ξ α e (α) , u being the canonical parameter while basis is parallely propagated along γ(u). The Riemann normal coordinates with the origin at the point p 0 , are defined as X α = uξ α , where uξ = exp
The following basic equations summarize the most important properties of the Riemannian normal coordinates:
The size of neighbourhood V , where these coordinates do not involve singularaties, is determined by conditions
The first condition u | 0 Rαγδβ | −1/2 determines the size of V where the curvature has not yet caused geodesics to cross each other. The second condition determines the domain where the curvature does not change essentially.
For studing Riemann and Fermi normal coordinates one useful technique is the geodesic deviation equation [2] . Further we apply it for our computation. Let us consider a point p 0 and a frame {e (α) (p 0 )} in this point. For arbitrary geodesic γ(u) out from p 0 the equation of geodesic deviation has the following form
where ξ = ∂/∂u is tangent vector to γ(u), η is vector of deviation and R is operator of curvature. We suppose that the basis e (α) is parallely propagated along γ(u). In tetrad components the equation (5) takes the form
where
β , etc. In Riemann normal coordinates there are natural deviation vectors η α = uδ
We solve this equation by succesive approximations [12] . Let us write (7) in the equivalent integral form
where we assume e To improve this first approximation we feed back e (α) 0β into the integral (8) getting
Repeteang this process by substituting the new e
iβ back into Eq. (8), we find our solution e (α) β as infinite series
Noting that the order of magnitude of functions
e β is given in the neighbourhood V by
we conclude that the radius of convergence of series (10) is determined by
Now using (7-10) one obtains for the components of orthonormal tetrad in Riemann coordinates the following integral formula:
Remark 2.1. Integrating by parts one can write (11) as
This form is more convenient for the comparison with the results obtained in Fermi coordinates (see Subsection B).
For the covariant derivative of the tetrad we obtain the following useful formula (see Appendix A)
With the aid of (11), it is straightforward to derive the metric in Riemann coordinates by using
β . The result is
and can be rewritten by using Taylor expansion as
that agrees with Eq.(3). In fact, we are interested in expressions which should involve (in the right-hand sides) the arbitrary chosen initial non-Riemann coordinates only. Then
The transformation from arbitrary coordinate system to Riemann one takes the form
) and the equations (14), (15) can be written as
while the integration is performed.
B. Fermi coordinates
where E µνγδ is the axial tensor of Levi-Civita and τ µ is the unit tangent vector to the line γ; G µ being the fouracceleration of observer, ω δ the four-rotation of the tetrad. Fermi coordinates are defined as [2, 4] 
where quantities of the type of 0 Q are taken on γ. The expansion up to 3d order of the metric and up to 1st order of the connection coefficients (Christoffel symbols) is given by [5] [6] [7] [8] 
For applications it is convenient to write the expansion for the metric tensor in the following form
where the expression (ω × X) i denotes ijk ω j X k and GX := −G i X j . The radius of convergence of series (20) is determined by (see Introduction)
Let us compute the integral formula similar to (11) . In Fermi coordinates the deviation vectors are given by [2] 
The straightforward calculation leads to
The iterative scheme (10) yields
and the radius of convergence of series (23) is determined by conditions
In the first approximation one obtains
Integrating by parts we combine (25), (26) into one expression e (α)
and the componets of metric tensor are given by
This integral formula agrees with the series (20). The transformation from arbitrary coordinate system {x µ } to Fermi one takes the form
and in the coordinates {x µ } one can write Eq.(27) as
where it is used the same notation R α βγδ for the curvature tensor in the coordinate system x µ and
III. WEAK PLANE-WAVE METRIC IN FERMI NORMAL COORDINATES
We compute the plane-wave metric in Fermi normal coordinates for a geodesic observer in the weak gravitationalwave field, whose metric tensor is usually written in synchronous coordinates,
where a and b run from 1 to 2 while
Using the definition of the Riemann tensor
one finds that in the linearized theory non-zero components of Riemann tensor are
dot being derivative with respect to t. The next step is to choose an orthonormal frame along the world line γ of observer. Taking into account the transformation to the Fermi normal coordinates x µ = X µ + O(h ab ) and that the timelike base vector must be the tangent ∂/∂t, one obtains
Using (28) we compute the metric tensor in the Fermi normal coordinates. The result is
It is easy to see that H ab = −Ḟ ab , H ab (T, 0) = 3F ab (T, 0) = (1/2)ḧ ab (T ) and
here and below dot being derivative with respect to T and prime derivative with respect to Z. The nonvanishing components of Christoffel symbols are found to be
and the computation of the non-zero components of Riemann tensors in Fermi normal coordinates yields
This leads to
Thus in Fermi coordinates the curvature is the same function (1/2)ḧ ab , but depending on (T − Z). Plane monochromaric gravitational wave. The only nonzero components h ab = A ab sin[k(t − z)] of wave amplitudes are
Computation yields
where we set
Our results agree with the metric obtained in [13] . Geodesic deviation. Let us consider the geodesic deviation of two neighbouring geodesics in the gravitational field of a plane weak wave. The separation vector η satisfies a geodesic deviation equation (6) , which reads
λ being a canonical parameter along the geodesic and ζ a tangent vector to it. The solution of this equation is given by
where we set η α 0 = η α (0) and integration being performed along the basic geodesic line canonically parametrized by λ The separation magnitude is found to be
Now let us consider the geodesic deviation of two neighbouring particles A and B assuming that the the origin of Fermi reference frame attached to A s geodesic and for T = 0 the particles are in the plane Z = 0. In this case the components of the separation vector are nothing but the coordinates of particle B: η α = X α , 0 ζ β = δ β 0 and the canonical parameter λ being a proper time τ along the geodesic line of the observer. Then (53) reads
This yields
and for the plane monochromatic gravitational wave one obtains the well known result [4] l = l 0 − l 0 2 (A + cos 2ϕ + A × sin 2ϕ) sin(kT ).
one can write the expansion (61) as
It is convenient to present this series in the form
Straightforward calculation yields the following integral representation of Eq.(61):
Integrating by parts it found to be
